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Let g be a principal modulus with rational Fourier coeﬃcients for
a discrete subgroup of SL2(R) lying in between Γ (N) and Γ0(N)†
for a positive integer N . Let K be an imaginary quadratic ﬁeld.
We introduce a relatively simple proof, without using Shimura’s
canonical model, of the fact that the singular value of g generates
the ray class ﬁeld modulo N or the ring class ﬁeld of the order of
conductor N over K . Further, we construct a primitive generator of
the ray class ﬁeld Kc of arbitrary modulus c over K from Hasse’s
two generators.
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1. Introduction
Let Γ be a discrete subgroup of SL2(R) commensurable with SL2(Z). Then it acts on the com-
plex upper half-plane H = {τ ∈ C; Im(τ ) > 0} by fractional linear transformations, and the orbit
space X(Γ ) = Γ \H∗ with H∗ = H ∪ P1(Q) can be given the structure of a compact Riemann sur-
face [16, §1.5]. When X(Γ ) is of genus zero, a generator of the ﬁeld of all meromorphic functions on
X(Γ ) is called a principal modulus for Γ .
For a positive integer N we set
Γ (N) =
{
γ ∈ SL2(Z); γ ≡
(
1 0
0 1
)
(mod N)
}
,
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{
γ ∈ SL2(Z); γ ≡
(
1 ∗
0 1
)
(mod N)
}
,
Γ0(N) =
{
γ ∈ SL2(Z); γ ≡
(∗ ∗
0 ∗
)
(mod N)
}
,
Γ0(N)
† = 〈Γ0(N),ΦN 〉, where ΦN =
(
0 −1/√N√
N 1
)
.
Let Γ lie in between the groups Γ (N) and Γ0(N)†, and X(Γ ) be of genus zero. Let g be a princi-
pal modulus for Γ with rational Fourier coeﬃcients (if any). For an imaginary quadratic ﬁeld K of
discriminant dK set
θK = dK +
√
dK
2
. (1.1)
Then θK generates the ring of integers OK of K over Z. Cho and Koo [2, Corollary 5.2] recently showed
that if Γ (N) Γ  Γ1(N), then K (g(θK )) is the ray class ﬁeld modulo N . Furthermore, Choi and Koo
[3, Corollary 2.5] and Cho and Koo [2, Corollary 4.4] proved that if Γ = Γ0(N)†, then K (g(θK )) is the
ring class ﬁeld of the order of conductor N in K , which would be a generalization of partial result of
Chen and Yui [1, Theorem 3.7.5(2)]. To this end they used the theory of Shimura’s canonical models
via his reciprocity law [16, §6.7 and §6.8].
Stevenhagen [17, §3 and §6] developed a quite explicit version of Shimura’s reciprocity law. This,
in combination with a theorem of Franz [7, Satz 1], enables us to give a simple proof of the result
concerning ray class ﬁelds (Theorem 4.3). This straightforward approach circumvents the somewhat
complicated methods employed in Choi and Koo, and Cho and Koo. Moreover, using these techniques
we can also give an alternative proof of the result about ring class ﬁelds (Theorem 4.7).
For an imaginary quadratic ﬁeld K and a positive integer N , let K(N) be the ray class ﬁeld mod-
ulo N . Cho and Koo also combined in [2, Corollary 5.5] Hasse’s two generators of K(N) [9] by using
the result of Gross and Zagier [8] and Dorman [6] so that they obtained a primitive generator of K(N)
over K . In a similar way we shall construct a primitive generator of the ray class ﬁeld Kc of arbitrary
modulus c over K (Theorem 5.7).
2. Fields of modular functions
Let (r1, r2) ∈Q2 −Z2. We deﬁne the kth Fricke function (k = 1,2,3) (with respect to (r1, r2)) on H
by
f (k)(r1,r2)(τ ) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
−2735 g2(τ )g3(τ )
(τ ) ℘(r1,r2)(τ ) if k = 1,
g2(τ )2
(τ) ℘(r1,r2)(τ )
2 if k = 2,
g3(τ )
(τ ) ℘(r1,r2)(τ )
3 if k = 3,
where
g2(τ ) = 60
∑
m,n
′ 1
(mτ + n)4 , g3(τ ) = 140
∑
m,n
′ 1
(mτ + n)6 , (τ ) = g2(τ )
3 − 27g3(τ )2,
℘(r1,r2)(τ ) =
1
(r1τ + r2)2 +
∑
m,n
′( 1
(r1τ + r2 −mτ − n)2 −
1
(mτ + n)2
)
and the sums are taken over all (m,n) ∈ Z2 −{(0,0)}. For simplicity we often write f(r1,r2)(τ ) instead
of f (1)(r ,r )(τ ).1 2
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(i) f (k)(r1,r2)(τ ) depends only on ±(r1, r2) (mod Z2).
(ii) f(r1,r2)(τ ) satisﬁes the transformation formula
f(r1,r2)(τ ) ◦ γ = f(r1,r2)γ (τ )
for every γ ∈ SL2(Z).
Proof. (i) See [15, p. 8].
(ii) See [15, p. 64]. 
Let
j(τ ) = 2633 g2(τ )
3
(τ)
(τ ∈H)
be the elliptic modular function, and
F1 =Q
(
j(τ )
)
and FN =Q
(
j(τ ), f(r1,r2)(τ )
)
(r1,r2)∈(1/N)Z2−Z2 (N  2).
Note that we have relations
f (2)(r1,r2)(τ ) =
1
2834
f(r1,r2)(τ )
2
( j(τ ) − 2633) and f
(3)
(r1,r2)
(τ ) = − 1
2936
f(r1,r2)(τ )
3
j(τ )( j(τ ) − 2633) . (2.1)
Here we adopt the notations
q = e2π iτ and ζN = e2π i/N (N  1).
Proposition 2.2.With the notation as above we have the expansion formula
j(τ ) = q−1
∞∏
n=1
(
1− qn)−24
(
1+ 240
∞∑
n=1
σ3(n)q
n
)3
, (2.2)
where σk(n) =∑d>0,d|n dk (k ∈ Z). Furthermore, if (r1, r2) ∈Q2 −Z2 with 0 r1 < 1, then we get
f(r1,r2)(τ ) = q−1
∞∏
n=1
(
1− qn)−24
(
1+ 240
∞∑
n=1
σ3(n)q
n
)(
1− 504
∞∑
n=1
σ5(n)q
n
)
×
(
1+ 12q
r1e2π ir2
(1− qr1e2π ir2)2
+ 12
∞∑
m=1
∞∑
n=1
(
nq(m+r1)ne2π ir2n + nq(m−r1)ne−2π ir2n − 2nqmn)
)
. (2.3)
478 J.K. Koo, D.H. Shin / Journal of Number Theory 133 (2013) 475–483Proof. See [15, Chapter 4, §1 and §2]. 
Thus each function in FN has a Laurent series expansion with respect to q1/N with coeﬃcients
in Q(ζN ), which is called the Fourier expansion. Moreover, FN is a Galois extension of F1 with
Gal(FN/F1) 
 GL2(Z/NZ)/{±12},
whose (right) action is given as follows: for an element γ ∈ GL2(Z/NZ)/{±12} we decompose it
into
γ = γ1 · γ2 for γ1 =
(
1 0
0 d
)
with d = det(γ ) ∈ (Z/NZ)× and any γ2 ∈ SL2(Z).
First, γ1 acts by the rule
f (τ ) =
∑
n>−∞
cnq
n/N → f (τ )γ1 =
∑
n>−∞
cσdn q
n/N ,
where σd is the automorphism of Q(ζN ) deﬁned by ζ
σd
N = ζ dN . Second, the action of γ2 is given by a
fractional linear transformation [15, Chapter 6, Theorem 3].
For a discrete subgroup Γ of SL2(R) commensurable with SL2(Z) we denote its corresponding
modular curve by X(Γ ). In particular, if Γ = Γ (N) (respectively, Γ1(N), Γ0(N), Γ0(N)†) for a positive
integer N , then we simply write X(N) (respectively, X1(N), X0(N), X0(N)†) for X(Γ ). Furthermore,
we let C(X(Γ )) be the ﬁeld of all meromorphic functions on X(Γ ), and Q(X(Γ )) be the subﬁeld of
C(X(Γ )) consisting of functions with rational Fourier coeﬃcients.
Proposition 2.3. Let N be a positive integer.
(i) C(X(N)) =CFN .
(ii) j(Nτ ) ∈Q(X0(N)).
(iii) If N  2, then f(1/N,0)(τ ) ∈Q(X(N)).
Proof. (i) See [15, Chapter 6, Theorems 1 and 2].
(ii) See [15, Chapter 6, Theorem 5].
(iii) See [15, Chapter 6, Corollary 1]. 
Lemma 2.4. Let N be a positive integer.
(i) j(τ ) j(Nτ ), j(τ ) + j(Nτ ) ∈Q(X0(N)†).
(ii) If N  2, then f (k)(1/N,0)(Nτ ) ∈Q(X1(N)) (k = 1,2,3).
Proof. (i) Observe that
j(τ ) ◦ ΦN = j(τ ) ◦
(
0 −1√N√
N 0
)
= j(τ ) ◦
(
0 −1
N 0
)
= j(τ ) ◦
(
0 −1
1 0
)
◦
(
N 0
0 1
)
= j(Nτ ),
and Φ2N =
(−1 0
0 −1
)
, from which we get that j(τ ) j(Nτ ) and j(τ )+ j(Nτ ) are invariant under the action
of ΦN . Hence j(τ ) j(Nτ ) and j(τ ) + j(Nτ ) belong to Q(X0(N)†) by Proposition 2.3(ii).
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( a b
c d
) ∈ Γ1(N) we ﬁnd that
f(1/N,0)(Nτ ) ◦
(
a b
c d
)
= f(1/N,0)
(
(Naτ + Nb)/(cτ + d))
=
(
f(1/N,0)(τ ) ◦
(
a Nb
c/N d
))
(Nτ )
= f(a/N,b)(Nτ ) by Proposition 2.1(ii)
= f(1/N,0)(Nτ ) by Proposition 2.1(i).
Hence f(1/N,0)(Nτ ) is an element of C(X1(N)). Furthermore, it has rational Fourier coeﬃcients by
Proposition 2.3(iii). The same properties hold true for f (k)(1/N,0)(Nτ ) (k = 2,3) by (2.1). 
3. Shimura’s reciprocity law
For an imaginary quadratic ﬁeld K of discriminant of dK let θK be as in (1.1). We denote the
Hilbert class ﬁeld of K by HK . Let N be a positive integer and O be the order of conductor N in K ,
namely, O = [NθK ,1]. By K(N) and HO we mean the ray class ﬁeld modulo N and the ring class
ﬁeld of O, respectively. Then the following proposition is a consequence of the theory of complex
multiplication [15, Chapter 10].
Proposition 3.1.With the notation as above we have the following assertions.
(i) K(N) = K (h(θK ); h ∈FN is deﬁned at θK ).
(ii) HO = K ( j(NθK )).
(iii) If N  2, then K(N) = K ( j(NθK ), f (k)(1/N,0)(NθK )) where k = |O×K |/2.
Proof. (i) See [15, Chapter 10, Corollary to Theorem 2].
(ii) See [15, Chapter 10, Theorem 5].
(iii) See [7, Satz 1]. 
For each positive integer N we deﬁne the matrix group
WN,K =
{(
t − BK s −CK s
s t
)
∈ GL2(Z/NZ); t, s ∈ Z/NZ
}
,
where
min(θK ,Q) = X2 + BK X + CK = X2 − dK X + d
2
K − dK
4
.
We then have an explicit description of Shimura’s reciprocity law [16, Propositions 6.31 and 6.34] due
to Stevenhagen.
Proposition 3.2. WN,K gives rise to the surjection
WN,K → Gal(K(N)/HK )
α → (h(θK ) → hα(θK ); h(τ ) ∈FN is deﬁned at θK ), (3.1)
whose kernel is
480 J.K. Koo, D.H. Shin / Journal of Number Theory 133 (2013) 475–483⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
{
±
(
1 0
0 1
)
,±
(−2 −5
1 2
)}
if K =Q(√−1 ),
{
±
(
1 0
0 1
)
,±
(−2 −3
1 1
)
,±
(
1 3
−1 −2
)}
if K =Q(√−3 ),
{
±
(
1 0
0 1
)}
otherwise.
Proof. See [17, §3]. 
Corollary 3.3. The map in (3.1) induces an isomorphism
{(
t 0
0 t
)
; t ∈ (Z/NZ)×
}/{±(1 0
0 1
)}
∼−→ Gal(K(N)/HO).
Proof. See [13, Proposition 5.3]. 
Now we shall develop certain analogue of Proposition 3.1(i) in case of ring class ﬁelds.
Theorem 3.4. HO can be described as
HO = K
(
h(θK ); h(τ ) ∈Q
(
X0(N)
)
is deﬁned at θK
)
.
Proof. Let R be the ﬁeld on the right hand side, which is contained in K(N) by Proposition 3.1(i).
Since j(Nτ ) ∈ Q(X0(N)) by Proposition 2.3(ii) and HO = K ( j(NθK )) by Proposition 3.1(ii), we have
the inclusion HO ⊆ R ⊆ K(N) . Let h(τ ) be an element of Q(X0(N)) which is deﬁned at θK . Let
( t 0
0 t
) ∈
GL2(Z/NZ) with t ∈ (Z/NZ)× , which can be viewed as an element of Gal(K(N)/HO) by Corollary 3.3.
If we decompose
( t 0
0 t
) = ( 1 0
0 t2
)( a b
c d
)
for any
( a b
c d
) ∈ SL2(Z), then we get c ≡ 0 (mod N); hence it
follows that
h(θK )
( t 0
0 t
)
= h(τ )
( t 0
0 t
)
(θK ) by Proposition 3.2
= h(τ )
(1 0
0 t2
)(a b
c d
)
(θK )
= h(τ )
(a b
c d
)
(θK ) because h(τ ) has rational Fourier coeﬃcients
= h(θK ) by the fact
(
a b
c d
)
∈ Γ0(N).
This implies that h(θK ) ∈ HO , and so R ⊆ HO . Therefore, HO = R as desired. 
4. Singular values of principal moduli
Lemma 4.1. Let Γ be a discrete subgroup of SL2(R) commensurable with SL2(Z). If C(X(Γ )) = C(S) for a
subset S of Q(X(Γ )), thenQ(X(Γ )) =Q(S).
Proof. See [12, Lemma 4.1]. 
Lemma 4.2. Let g(τ ) be a principal modulus with rational Fourier coeﬃcients for a discrete subgroup Γ of
SL2(R) commensurable with SL2(Z) for which X(Γ ) is of genus zero. For a given τ0 ∈H, assume that g(τ0) is
an algebraic number. If h(τ ) ∈Q(X(Γ )) is deﬁned at τ0 , then h(τ0) ∈Q(g(τ0)).
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relatively prime polynomials A(X), B(X) ∈Q[X]. Suppose that B(g(τ0)) = 0, then A(g(τ0)) = 0. Hence
min(g(τ0),Q) divides both A(X) and B(X), which contradicts the fact that A(X) and B(X) are rela-
tively prime. Therefore, B(g(τ0)) = 0 and so h(τ0) ∈Q(g(τ0)). 
Theorem 4.3. Let g(τ ) be a principal modulus with rational Fourier coeﬃcients for a congruence subgroup Γ
with Γ (N)  Γ  Γ1(N) for an integer N ( 2). Let K be an imaginary quadratic ﬁeld. If g(τ ) is deﬁned
at θK , then K(N) = K (g(θK )).
Proof. Since Γ  Γ1(N) Γ0(N), we deduce the natural inclusions Q(X(Γ )) ⊇Q(X1(N)) ⊇Q(X0(N)).
It then follows that
K(N) = K
(
j(NθK ), f
(k)
(1/N,0)(NθK )
)
with k = ∣∣O×K ∣∣/2 by Proposition 3.1(iii)
⊆ K (g(θK )) by Proposition 2.3(ii), Lemmas 2.4(ii) and 4.2
⊆ K(N) by Proposition 3.1(i).
Therefore, K(N) = K (g(θK )). 
Remark 4.4. When we prove Theorem 4.3, we did not use Shimura’s canonical model and his reci-
procity law as in [2, Corollary 5.2].
Remark 4.5. Kim [11, Remark 3.0.7] showed that X1(N) has genus zero if and only if N = 1, . . . ,10,12.
One can ﬁnd in [12, p. 161] a list of principal moduli for such groups Γ1(N) with rational Fourier
coeﬃcients.
Lemma 4.6. Let K be an imaginary quadratic ﬁeld and O be the order of conductor N ( 2) in K such that
HK  HO . Then HO = K ( j(θK ) j(NθK ), j(θK ) + j(NθK )).
Proof. Put a = j(θK ) and b = j(NθK ). Let σ be an element of Gal(HO/K ) which ﬁxes both ab and
a+b. We then derive (a−aσ )(a−bσ ) = a2−(aσ +bσ )a+aσ bσ = a2−(a+b)a+ab = 0. If a = bσ , then
HK = K (a) = K (bσ ) = K (b) = HO by Proposition 3.1(ii), which contradicts the assumption HK  HO .
Thus we get a = aσ , and b = bσ by the fact a+b = aσ +bσ . Since HO = K (b), σ must be the identity
element. Therefore, HO = K (ab,a + b). 
Theorem 4.7. For a positive integer N let g(τ ) be a principal modulus with rational Fourier coeﬃcients for
either Γ = Γ0(N) or Γ = Γ0(N)† . In the latter case we further assume that HK  HO . Let K be an imaginary
quadratic ﬁeld andO be the order of conductor N in K . If g(τ ) is deﬁned at θK , then HO = K (g(θK )).
Proof. We know that
HO =
{
K ( j(NθK )) by Proposition 3.1(ii), if Γ = Γ0(N),
K ( j(θK ) j(NθK ), j(θK ) + j(NθK )) by Lemma 4.6, if Γ = Γ0(N)† and HK  HO
⊆ K (g(θK )) by Proposition 2.3(ii), Lemmas 2.4(i) and 4.2
⊆ HO by Theorem 3.4.
Therefore, HO = K (g(θK )). 
Remark 4.8. It is well-known that X0(N) has genus zero if and only if N = 1, . . . ,10,12,13,16,18,25.
Helling [10] showed that Γ0(N)† has genus zero if and only if N = 1, . . . ,21,23, . . . ,27,29,31,32,35,
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rational Fourier coeﬃcients in all cases when Γ0(N) or Γ0(N)† has genus zero [4].
Remark 4.9. Let Γ = Γ1(N) or Γ0(N) or Γ0(N)† for a positive integer N and h(τ ) ∈ C(X(Γ )). Since( 1 1
0 1
) ∈ Γ , h(τ ) has a Fourier expansion with respect to q [16, pp. 28–29]. Moreover, one can readily
show that e2π iθK is a real number for any imaginary quadratic ﬁeld K . Thus, if h(τ ) has rational
Fourier coeﬃcients and is deﬁned at θK , then h(θK ) is a real algebraic number. It then follows that
[
K
(
h(θK )
) : K ]= [K (h(θK )) :Q(h(θK ))] · [Q(h(θK )) :Q][K :Q] =
[
Q
(
h(θK )
) :Q],
which yields that min(h(θK ), K ) is a polynomial with rational coeﬃcients.
5. Primitive generators of ray class ﬁelds
For a nonzero integral ideal c of an imaginary quadratic ﬁeld K we denote the ray class ﬁeld of
modulus c by Kc. As a consequence of the theory of complex multiplication we have the following
proposition.
Proposition 5.1. Let (r1, r2) be a pair of rational numbers for which r1θK + r2 lies in c−1 −OK . Then Kc =
K ( j(θK ), f
(k)
(r1,r2)
(θK )) where k = |O×K |/2.
Proof. See [9] or [15, p. 135]. 
Lemma 5.2. If τ0 ∈H is imaginary quadratic, then j(τ0) is an algebraic integer.
Proof. See [15, Chapter 5, Theorem 4] or [16, Theorem 4.14]. 
Lemma 5.3. Let K be an imaginary quadratic ﬁeld of discriminant dK . For any prime p greater than |dK | and
any algebraic integer w, we have Q( j(θK ),w) =Q( j(θK ) + pw).
Proof. See [2, Claim 5.6]. 
Remark 5.4. Since j(θK ) is a real algebraic integer by the deﬁnition (1.1), (2.2) in Proposition 2.2
and Lemma 5.2, one can see that min( j(θK ), K ) has integer coeﬃcients as in Remark 4.9. On the
other hand, Gross and Zagier [8] and Dorman [6] showed that all prime factors of the discriminant of
min( j(θK ), K ) are less than or equal to |dK |. By using this fact and the primitive element theorem for
a separable ﬁeld extension Cho and Koo obtained the above lemma.
Lemma 5.5. Let g(τ ) be an element of FN for a positive integer N that is holomorphic on H. If all the Fourier
coeﬃcients of g(τ ) ◦ γ are algebraic integers for each γ ∈ SL2(Z), then g(τ ) is integral over Z[ j(τ )].
Proof. See [14, Chapter 2, Lemma 2.1]. 
Lemma 5.6. Let (r1, r2) ∈ (1/N)Z2 −Z2 for an integer N ( 2). Then N2 f(r1,r2)(τ ) is integral over Z[ j(τ )].
Proof. We may assume 0  r1, r2 < 1 by Proposition 2.1(i). One can then see from (2.3) in Proposi-
tion 2.2 that the Fourier coeﬃcients of
{
f(r1,r2)(τ ) if r1 = 0,
(1− e2π ir2)2 f (τ ) if r = 0(r1,r2) 1
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N =∏N−1k=1 (1− ζ kN ).
On the other hand, for any γ = ( a b
c d
) ∈ SL2(Z) we have
N2 f(r1,r2)(τ ) ◦ γ = N2 f(r1,r2)γ (τ ) = N2 f(〈r1a+r2c〉,〈r1b+r2d〉)γ (τ )
by Proposition 2.1(ii) and (i), where 〈x〉 is the fractional part of x ∈ R in [0,1). And, the Fourier
coeﬃcients of N2 f(r1,r2)(τ ) ◦ γ are also algebraic integers by the ﬁrst part of the proof. Therefore, we
conclude by Lemma 5.5 that N2 f(r1,r2)(τ ) is integral over Z[ j(τ )]. 
Now we are ready to construct a primitive generator of the ray class ﬁeld Kc of arbitrary modulus c
over an imaginary quadratic ﬁeld K from Hasse’s two generators.
Theorem 5.7. Let K be an imaginary quadratic ﬁeld of discriminant dK and c be a nontrivial integral ideal
of K . Let p be a prime greater than |dK | and (r1, r2) be a pair of rational numbers with a denominator N (that
is, (r1, r2) ∈ (1/N)Z2) for which r1θK + r2 lies in c−1 −OK . Then we have Kc = K ( j(θK )+ pN2 f (k)(r1,r2)(θK ))
where k = |O×K |/2.
Proof. If K =Q(√−1 ) or Q(√−3 ), then j(θK ) = 1728 or 0, respectively [5, p. 261]. Hence f (k)(r1,r2)(θK )
becomes a primitive generator of Kc over K by Proposition 5.1. So we assume that K = Q(
√−1 ),
Q(
√−3 ) (and hence k = 1). Since N2 f(r1,r2)(τ ) is integral over Z[ j(τ )] by Lemma 5.6, its singular
value N2 f(r1,r2)(θK ) is an algebraic integer by Lemma 5.2. Therefore, we derive the conclusion by
Lemma 5.3. 
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